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Goal:

Present a recursive formula for the volume of Mg (L, ..., L) ~ the moduli space of genus g
hyperbolic surfaces with n geodesic boundary components of lengths L; € [0, co) when the Euler
characteristic is negative.
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vol(M 1)
Theorem (McShane’s identity)
Let X be a hyperbolic once-punctured torus. Then

S0 +exp(6,(X) " = 1/2
Yy

where the sum is over all simple closed geodesics (s.c.g.) v on X.

Proposition
VO|(M171 ) = 71'2/6.

Proof.
@ My 1 =Ti,1/Mody 1.
@ 74,1 has nice description in terms of Fenchel-Nielsen coordinates:

Tii={(t7): 0<&TER}

dependingonas.c.c. «on S= Sy 5.

@ If we had a fundamental domain for the action Mod¢ 1~77 1 then vol(M 1) equals the
volume of the fund. domain and we're done.

@ We won't use a fund. domain. Instead we find a finite measure on an intermediate cover

71 1/ Stab(«) that projects to the volume form.
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vol(Mi,1)

Proof.

@ Fixas.c.c.aonS=S5y;.

*
M

Then

IR

IR

T1,1/ Stab(a)
{(X,7): X € Mj: yasc.g onX}
{(t,7): O< A\, 7 €R}Y/(4,T) ~ (¢, T+ £).

o Let f(x) = . So McShane’s identity states > ey (X)) =1/2.

et

vol(Mj 1)

= 2vol(Mj ) Z f(¢4(X))

~

= 2 /M:: (6,(X)) dvol ez | (X,7)
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oo X [e'S] 2
= 2/ /f(x)dydx:Z/ X ax="
0 0 o 1+¢€X 6
O
Y
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vol(M,1)(L)
Theorem (Generalized McShane’s identity)

Let X be a hyperbolic one holed-torus with geodesic boundary of length L. Then

ZD () () =L

where the sum is over all simple closed geodesics (s.c.g.) v on X, not including the boundary and

X /2
D(x,y,2) = 2log <+> .

x/2 4L eyT

Proposition

vol(My 1(L)) = ; 72/6.

Proof.
@ My 1(L) =T7,1(L)/Mody 1.

@ 77,1(L) has nice description in terms of Fenchel-Nielsen coordinates:

Ti,1(L) ={(¢,1): 0< A, 7€R}
dependingonas.c.c. «on S = Sy 5.
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vol(Mi 1)(L)

Proof.
@ Fixas.c.c.aonS= 5. Then
Miq(L) = Ti1(L)/Stab(a)
= {(X,y): XeMy4(L): yasc.g on X}
= {(,7): O< A\ TER}Y/(4T)~ (L,T+2).
°
Lvol(My1(L)) = wvol(My,1(L)) > DL €(7), (7))
il
= [ oy PEEOED dvolae; (X 7)
1 1
= / / Lyydydx_/ xD(L, x, x) dx.
[:]A
gD(X z)=H(y + z,x)
8X 7.y$ - .y k)
1
where H(x, y) = o TZ 7 aF Trow L
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Proof.
@ Set V(L) = VO|(M1’1(L)).

o0
LvV(L) = / xD(L, x, x) dx.
0
o Take & of both sides:
o = 2 L = Hi L
vy = 9 DL, x, x) dx = 2x, 1) d
W) = [Taipxga= [T aent ax

o /°° X n X
0 1+exp—2X2+L 1+ exp 2L

@ Sety; =x+L/2,yo =x—L/2to get

1o} >y —L/2 /°° Yo+ L/2
— (LV(L)) = - d LGl
8L( (L)) e 11 e Y1+ e iten Y2

®y—L/2 /L/ZY1*L/2 ®y2+L/2 /O y2+L/2
- N gy N5y Yat b/e Yo+ 5/e
(0 1+ en Y1 A 11 or y1 ) + s 1tee Yo + e 1t en (

< X L2y, —1/2 O ptLj2

2 — dx — ———d = d
/ T1ex /0 1ren y‘+/_L/2 Tren 2

1 1
e L2< 7)‘1:2 L2/8.
/6= / v —L/2) 1+ey+1+e—y y=m/6+L7/
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Proof.
o 2 (LV(L)) = 72/6 + L2/8.
o LV(L) = [f«?/6+x2/8 dx = Ln2/6 + L3/24.
o V(L) = vol(My 1(L)) = 72/6 + L2/24.
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vol(Mo4)(L1, Lo, L, Ls)
Theorem (Generalized McShane’s identity)

Let X be a hyperbolic four-holed sphere with geodesic boundaries of length Ly, Lo, L3, L. Then

4
SO>S TR(Ly, Liy £4(X)) = Ly

i=2 v
where the sum is over all simple closed geodesics (s.c.g.) -y in the interior of X and

cosh(y/2) + cosh (¥4%)
cosh(y/2) + cosh (¥5%)

R(X“sz) _X_|°g<

Proposition
vol(Mo 4(Li, L, Lg, La)) = 3(4n2 + L§ + L3 + L2 + L2).

Proof.
® Mo (L) = To a(L)/Modg 4.

° 75,4(E) has nice description in terms of Fenchel-Nielsen coordinates:

Toa(L) = {(¢,7): 0< AT €ER}
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vol(Mo4)(L)
Proof.

@ Fix as.c.c. @ on S (not homotopic into S). Then

MG 4(L)

Ly vol(Mo 4(L))

IR

o)

To4(L)/ Stabla)
{(X,7): Xe M074(E) : yas.c.g on X}
{(t,7): O< A\, T €R}/(4,T) ~ (£, T+ 0).

4
vol(M0,4(Z)) Z ZR(L1 » Lis 44(X))

i=2 v

/ zZZR(L1,L,,MX))dvol o)

127

/ /ZR(LhLuX)dde
/0 XZR(L1,Li,X)dx.

i=2

O

v
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9 H(z,x+y)+ H(z,x—y)
77?’ tD &) =
Y 2) 5
_ 1 1
where H(x,y) = Trow T * T =" J
Proof.
- ) 4
Livol(Moa@D) = [ xS R(L Ly xx
0 =2
9, ol(Mo.4(L)) / XZ ’R(L L;, x)dx
e — e
8L1 i 0,4 15 Eiy
1 oo
- E/0 xz;H(x, Ly + L) + H(x, Ly — Li)dx
=
= %(4772 +3L2 + 13+ L5+ L3).
= Ly 4
Livol(Mo4(l)) = / 5(n2 +302 + 13+ 13+ 12)ay
O
= (4 B 02 12 L3).
O
W
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Overview of the general case

@ The generalized McShane’s identity gives a formula for the length L of a pre-specified

boundary component 8y of X € Mg n(L1,...,Ln) as a sum of terms over all pants containing
Bi-
@ We integrate this formula over moduli space Mg n(Ly1,. .., Ln) using Mirzakhani’s

integration formula which gives us an integral in terms of volumes of moduli spaces of
surfaces with smaller |x|:

Livol(Mon(Lys- o Ln)) = [ F(L Ix)Vaun(T, %, 6, 1) x - ax.
R+

© Although the integrand is explicit, it is difficult to integrate. Instead we differentiate with
respect to L, integrate w.r.t. x € ]R’jr, then integrate with respect to L.
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Generalized McShane’s identity

Theorem
If X has boundary components B4, ..., Bn oflengths L4, ..., Ln then

n
D DLay by (X)L (X)) + D D RlLy, Lisly (X)) = Ly
{71,772} €F4 i=2 YEFy
where
@ F is the set of all pairs {~1,~v2} bounding a pair of pants with /31 ;
@ 7 is the set of all v bounding a pair of pants with 81 and j3;;
ytz
e D(x,y,z) = 2log (M);

viz
e~*/21e"2

@ R(X,y,2) = x — log (COSh(WzHCOSh(E)))
=

cosh(y/2)+cosh (
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Mirzakhani’s Integration Formula

Theorem
Let
Q= ZL civi be a multicurve on a surface S = Sy n,
Q £, Mgn(L) — Ry is £ (X) = 14 ity (X),
© f:R;: — Ry be continuous,
@ definet, : Mg n(L) — Ry, £,(X) = > lajeMod-[] f(a (X))

Then
2—M(v)

/ L(X)dX = ——— f(|x])Vg,n(T, x, B, L) x - dX,
Mg n(L) [sym(7)| Jxerk

® Vg.n(T, x,B,L) =TT7-1 Vg.n(£a,) is the product of the volumes of the moduli spaces of
surfaces obtained by cutting Sg,n along T = (71, ..., vk) and fixing the lengths of ' and the

boundary curves.
@ M(~) = |{i: ~; separates off a 1-handle from Sy n}.
@ X-dX=Xq---Xk-dXy N\--- NdXxg.
v

Lewis Bowen (UT Austin) Mirzakhani October 21, 2020 14/22



Goal: Prove the recursion Formula
Theorem
9 R . .
Eh Vg.n(L) = ALA(Ly, L) + ASS"(Ly, L) + Bg,n(Ly, L)

where L = (Lp,...,Ln), L\ Lj = (Lo, ,Lj,...,Ln) and

APNLD) = 2-i-me-tatn) /0 /O xyH(X 4 ¥, L)V 1.nit (%, v, L) dxdy

~ S oo ~
Aty = 27 [T [T S Gy LoViaxy. D) dxay

0 0 a€Zy,n

~ S (o

Bon(x, L1,1) = r“”“”vrEimeu+m+Mnm—mwmqu¢uﬂw

0 -

j=2

1 1

}1()(7j/) = X+y +

1+expT 1+expx—;y

m(g, n) {1 if(g.n) = (1,1)

0 otherwise

X2i71

2 [ foor = <(20)(2i — 1)1(2 — 272712),
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Goal: Prove the recursion Formula

Zg,n is the set of all ordered pairs ((g1, 1), (92, l2)) such that there is a pair of pants P C S
satisfying

@ 9p = B4 U~ U~z (with v1, 72 in the interior of S)

@ S\ P= S U S, where S; is a surface of genus g; and

@ 9S; = U ‘—ljeI;Bj-

If a € Zy,n as above then

Vg1 ,ny+1 (X7 LI1 )Vgg,n2+1 (y: ng)
om(gy,n+1)+m(gz,na+1)

V(a,x,y,L) =
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McShane + Integration formula

Q Set
D(X) = D DLy (X), £4,(X))
{71,72}€Fy
Ri(X) = 3 R(Li,Ly 6(X)).
YEF j

McShane = D(X) + X1, Rj(X) = Ly.
Q LiVgn(L) = [ D(X) + 1L, Ri(X) dX.
© Define

Dgn(L) = / D(X) dX
Mg.n(L)

Rl o(L) = / R(X) OX.
Mg, n(L)
@ |Integration formula + transitivity of Modg , on Fy j =
. oo}
Ryn(l) = 27m@n"1 /0 XR(L1, Lj, x) - V(M(Sg,n(), by = x, 1)) dx

S A~
p-m(g.n—1) / XR(Ly, Ly X) - Vant (%, La, -+, Ly, L) dx.
0

v
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How to compute 57~ 37, Ry n(L).

H(z,x+y)+H(z,x—y)
2

)
—R(x,y,2) =
—R(x.¥.2)

1 1
1+4exp % 1+exp % :

where H(x, y) =

Q 7 Rg(l) =

2-m@n=1) [0 x(H(x, Ly — Lj) + H(X, Ly + L)) - Vgn—1(X, La, -+ , L, -

@ S0 By = 5 7, Rl o(L) =

2-m@n=N=1 570 5 [ X(H(X, Ly — L) + H(X, Ly + L)) - Vg.n_1(X, Lz, - -

. ,Ln) dx.

Lo, Ln) dx.
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How to compute z7-Dyg n(L).

Modg, » does not act transitively on Fy. So first we decompose F; into a disjoint union of Modg, n J
orbits.

Let v1, v2 be disjoint scc’s such that 34, v1, 2 bound a pair of pants P.
@ Let A" be the set of all such {~1,72} such that S\ P is connected.
@ Modg,, acts transitively on A",

© Fora=((91,h),(g2, b)) € Zg,n, let Aa be the set of all {v1,72} suchthat S\ P =S U S,
where S; has genus g; and 9S; = v; U Ujey, ;-

@ Modg,, acts transitively on Aa.
Q Fi = AU User, ,Aa-
O Recall

Don)= [ DX AX= [ 3 DLy (X), £, (X) aX.
Mg,n(L) {7172} €F4
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How to compute z7-Dyg n(L).

@ Recall

Don)= [ DX AX= [ 3 DLty (X), £, (X)) aX.
Mag.n(L) {72} €F

@ |Integration formula =
D D(Lys by (X), £y (X)) dX
{71,72} €A

1 R
= omg T /XyD(L1 3 X Y)W Vg—1,nt1(X, ¥, L)dxdy.
© Integration formula =

S DLy by (X), £ (X)) AX
{71,721 €Aa
1

= oae e | YPE XYW (6 L) Ve ma1 (%, Ly Jdxdy.
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How to compute -2 at; Dg.n(L).

2 Dlx,y,2) = Hly +2,%).

@ |Integration formula =

D DLt by (X)L (X)) dX

{71,72}€An
1 N
= W/XyD(L1,X,y)Vg_17,,+1(X,y,L)dXdy.

@ |Integration formula =

D D(Lty by (X), 655 (X)) dX
{71,712} €Aa
1 » »
= om(gq,m+1)+m(go,np+1) xyD(Ly, x,y) Vg1,n1+1(X, LI1)Vg2,n2+1(X, ng)dXd}/-

© Add these terms together, take the partial derivative to obtain

7]

o1 DanlL) = AZR(L) + AF2(L).
il

v
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