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Goal:
Present a recursive formula for the volume ofMg,n(L1, . . . , Ln) ∼ the moduli space of genus g
hyperbolic surfaces with n geodesic boundary components of lengths Li ∈ [0,∞) when the Euler
characteristic is negative.
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vol(M1,1)

Theorem (McShane’s identity)
Let X be a hyperbolic once-punctured torus. Then∑

γ

(1 + exp(`γ(X)))−1 = 1/2

where the sum is over all simple closed geodesics (s.c.g.) γ on X.

Proposition

vol(M1,1) = π2/6.

Proof.
M1,1 = T1,1/Mod1,1.

T1,1 has nice description in terms of Fenchel-Nielsen coordinates:

T1,1 ∼= {(`, τ) : 0 < `, τ ∈ R}

depending on a s.c.c. α on S = S1,1.

If we had a fundamental domain for the action Mod1,1yT1,1 then vol(M1,1) equals the
volume of the fund. domain and we’re done.

We won’t use a fund. domain. Instead we find a finite measure on an intermediate cover
T1,1/ Stab(α) that projects to the volume form.
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vol(M1,1)

Proof.
Fix a s.c.c. α on S = S1,1. Then

M∗1,1 := T1,1/ Stab(α)

∼= {(X , γ) : X ∈M1,1 : γ a s.c.g. on X}
∼= {(`, τ) : 0 < λ, τ ∈ R}/(`, τ) ∼ (`, τ + `).

Let f (x) = 1
1+ex . So McShane’s identity states

∑
γ f (`γ(X)) = 1/2.

vol(M1,1) = 2 vol(M1,1)
∑
γ

f (`γ(X))

= 2
∫
M∗

1,1

f (`γ(X)) d volM∗
1,1

(X , γ)

= 2
∫ ∞

0

∫ x

0
f (x) dydx = 2

∫ ∞
0

x
1 + ex

dx =
π2

6
.
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vol(M1,1)(L)
Theorem (Generalized McShane’s identity)
Let X be a hyperbolic one holed-torus with geodesic boundary of length L. Then∑

γ

D(L, `(γ), `(γ)) = L

where the sum is over all simple closed geodesics (s.c.g.) γ on X, not including the boundary and

D(x , y , z) = 2 log

(
ex/2 + e

y+z
2

e−x/2 + e
y+z

2

)
.

Proposition

vol(M1,1(L)) = L2

24 + π2/6.

Proof.
M1,1(L) = T1,1(L)/Mod1,1.

T1,1(L) has nice description in terms of Fenchel-Nielsen coordinates:

T1,1(L) ∼= {(`, τ) : 0 < λ, τ ∈ R}

depending on a s.c.c. α on S = S1,1.
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vol(M1,1)(L)
Proof.

Fix a s.c.c. α on S = S1,1. Then

M∗1,1(L) := T1,1(L)/ Stab(α)

∼= {(X , γ) : X ∈M1,1(L) : γ a s.c.g. on X}
∼= {(`, τ) : 0 < λ, τ ∈ R}/(`, τ) ∼ (`, τ + `).

L vol(M1,1(L)) = vol(M1,1(L))
∑
γ

D(L, `(γ), `(γ))

=

∫
M∗

1,1(L)
D(L, `(γ), `(γ)) d volM∗

1,1(L)(X , γ)

=

∫ ∞
0

∫ x

0
D(L, y , y) dydx =

∫ ∞
0

xD(L, x , x) dx .

∂

∂x
D(x , y , z) = H(y + z, x)

where H(x , y) = 1
1+exp x+y

2
+ 1

1+exp x−y
2

.
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Proof.
Set V (L) = vol(M1,1(L)).

LV (L) =

∫ ∞
0

xD(L, x , x) dx .

Take ∂
∂L of both sides:

∂

∂L
(LV (L)) =

∫ ∞
0

x
∂

∂L
D(L, x , x) dx =

∫ ∞
0

xH(2x , L) dx

=

∫ ∞
0

x

1 + exp 2x+L
2

+
x

1 + exp 2x−L
2

dx

Set y1 = x + L/2, y2 = x − L/2 to get

∂

∂L
(LV (L)) =

∫ ∞
L/2

y1 − L/2
1 + ey1

dy1 +

∫ ∞
−L/2

y2 + L/2
1 + ey2

dy2

=

(∫ ∞
0

y1 − L/2
1 + ey1

dy1 −
∫ L/2

0

y1 − L/2
1 + ey1

dy1

)
+

(∫ ∞
0

y2 + L/2
1 + ey2

dy2 +

∫ 0

−L/2

y2 + L/2
1 + ey2

dy2

)

= 2
∫ ∞

0

x
1 + ex

dx −
∫ L/2

0

y1 − L/2
1 + ey1

dy1 +

∫ 0

−L/2

y2 + L/2
1 + ey2

dy2

= π2/6−
∫ L/2

0
(y − L/2)

(
1

1 + ey
+

1
1 + e−y

)
dy = π2/6 + L2/8.
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Proof.
∂
∂L (LV (L)) = π2/6 + L2/8.

LV (L) =
∫ L

0 π
2/6 + x2/8 dx = Lπ2/6 + L3/24.

V (L) = vol(M1,1(L)) = π2/6 + L2/24.
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vol(M0,4)(L1,L2,L3,L4)

Theorem (Generalized McShane’s identity)
Let X be a hyperbolic four-holed sphere with geodesic boundaries of length L1, L2, L3, L4. Then

4∑
i=2

∑
γ

R(L1, Li , `γ(X)) = L1

where the sum is over all simple closed geodesics (s.c.g.) γ in the interior of X and

R(x , y , z) = x − log

(
cosh(y/2) + cosh

( x+z
2

)
cosh(y/2) + cosh

( x−z
2

)) .
Proposition

vol(M0,4(L1, L2, L3, L4)) = 1
2 (4π2 + L2

1 + L2
2 + L2

3 + L2
4).

Proof.

M0,4(~L) = T0,4(~L)/Mod0,4.

T0,4(~L) has nice description in terms of Fenchel-Nielsen coordinates:

T0,4(~L) ∼= {(`, τ) : 0 < λ, τ ∈ R}

depending on a s.c.c. α on S = S0,4.
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vol(M0,4)(~L)

Proof.
Fix a s.c.c. α on S (not homotopic into ∂S). Then

M∗0,4(~L) := T0,4(~L)/ Stab(α)

∼= {(X , γ) : X ∈M0,4(~L) : γ a s.c.g. on X}
∼= {(`, τ) : 0 < λ, τ ∈ R}/(`, τ) ∼ (`, τ + `).

L1 vol(M0,4(~L)) = vol(M0,4(~L))
4∑

i=2

∑
γ

R(L1, Li , `γ(X))

=

∫
M∗

0,4(~L)

4∑
i=2

∑
γ

R(L1, Li , `γ(X)) d volM∗
0,4(~L)

(X , γ)

=

∫ ∞
0

∫ x

0

4∑
i=2

R(L1, Li , x) dydx

=

∫ ∞
0

x
4∑

i=2

R(L1, Li , x)dx .
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∂

∂x
R(x , y , z) =

H(z, x + y) + H(z, x − y)

2

where H(x , y) = 1
1+exp x+y

2
+ 1

1+exp x−y
2

.

Proof.

L1 vol(M0,4(~L)) =

∫ ∞
0

x
4∑

i=2

R(L1, Li , x)dx

∂

∂L1
L1 vol(M0,4(~L)) =

∫ ∞
0

x
4∑

i=2

∂

∂L1
R(L1, Li , x)dx

=
1
2

∫ ∞
0

x
4∑

i=2

H(x , L1 + Li ) + H(x , L1 − Li )dx

=
1
2

(4π2 + 3L2
1 + L2

2 + L2
3 + L2

4).

L1 vol(M0,4(~L)) =

∫ L1

0

1
2

(4π2 + 3L2
1 + L2

2 + L2
3 + L2

4)dy

=
L1

2
(4π2 + L2

1 + L2
2 + L2

3 + L2
4).
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Overview of the general case

1 The generalized McShane’s identity gives a formula for the length L1 of a pre-specified
boundary component β1 of X ∈Mg,n(L1, . . . , Ln) as a sum of terms over all pants containing
β1.

2 We integrate this formula over moduli spaceMg,n(L1, . . . , Ln) using Mirzakhani’s
integration formula which gives us an integral in terms of volumes of moduli spaces of
surfaces with smaller |χ|:

L1 vol(Mg,n(L1, . . . , Ln)) =

∫
Rk

+

f (L, |x|)Vg,n(Γ, x, β, L) x · dx.

3 Although the integrand is explicit, it is difficult to integrate. Instead we differentiate with
respect to L1, integrate w.r.t. x ∈ Rk

+, then integrate with respect to L1.
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Generalized McShane’s identity

Theorem
If X has boundary components β1, . . . , βn of lengths L1, . . . , Ln then

∑
{γ1,γ2}∈F1

D(L1, `γ1 (X), `γ2 (X)) +
n∑

i=2

∑
γ∈F1,i

R(L1, Li , `γ(X)) = L1

where

F1 is the set of all pairs {γ1, γ2} bounding a pair of pants with β1;

F1,i is the set of all γ bounding a pair of pants with β1 and βi ;

D(x , y , z) = 2 log

(
ex/2+e

y+z
2

e−x/2+e
y+z

2

)
;

R(x , y , z) = x − log

(
cosh(y/2)+cosh( x+z

2 )
cosh(y/2)+cosh

(
x−z

2

)
)
.
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Mirzakhani’s Integration Formula

Theorem
Let

1 γ =
∑k

i=1 ciγi be a multicurve on a surface S = Sg,n,

2 `γ :Mg,n(L)→ R+ is `γ(X) =
∑k

i=1 ci`γi (X),
3 f : R+ → R+ be continuous,
4 define fγ :Mg,n(L)→ R+, fγ(X) =

∑
[α]∈Mod·[γ] f (`α(X)).

Then ∫
Mg,n(L)

fγ(X) dX =
2−M(γ)

| sym(γ)|

∫
x∈Rk

+

f (|x|)Vg,n(Γ, x , β, L) x · dx,

Vg,n(Γ, x , β, L) =
∏s

i=1 Vgi ,ni (`Ai ) is the product of the volumes of the moduli spaces of
surfaces obtained by cutting Sg,n along Γ = (γ1, . . . , γk ) and fixing the lengths of Γ and the
boundary curves.

M(γ) = |{i : γi separates off a 1-handle from Sg,n}.
x · dx = x1 · · · xk · dx1 ∧ · · · ∧ dxk .
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Goal: Prove the recursion Formula

Theorem
∂

∂L1
L1Vg,n(L) = Acon

g,n (L1, L̂) +Adcon
g,n (L1, L̂) + Bg,n(L1, L̂)

where L̂ = (L2, . . . , Ln), L̂ \ Lj = (L2, · · · , L̂j , . . . , Ln) and

Acon
g,n (L, L̂) = 2−1−m(g−1,n+1)

∫ ∞
0

∫ ∞
0

xyH(x + y , L1)Vg−1,n+1(x , y , L̂) dxdy

Adcon
g,n (L, L̂) = 2−1

∫ ∞
0

∫ ∞
0

∑
a∈Ig,n

xyH(x + y , L1)V (a, x , y , L̂) dxdy

Bg,n(x , L1, L̂) = 2−1−m(g,n−1)
∫ ∞

0

n∑
j=2

x(H(x , L1 + Lj ) + H(x , L1 − Lj ))Vg,n−1(x , L̂ \ L̂j ) dx

H(x , y) =
1

1 + exp x+y
2

+
1

1 + exp x−y
2

m(g, n) =

{
1 if (g, n) = (1, 1)
0 otherwise

2
∫∞

0
x2i−1

1+ex = ζ(2i)(2i − 1)!(2− 2−2i+2).
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Goal: Prove the recursion Formula

Ig,n is the set of all ordered pairs ((g1, I1), (g2, I2)) such that there is a pair of pants P ⊂ S
satisfying

∂P = β1 t γ1 t γ2 (with γ1, γ2 in the interior of S)

S \ P = S1 t S2 where Si is a surface of genus gi and

∂Si = γi ∪ tj∈Iiβj .

If a ∈ Ig,n as above then

V (a, x , y , L̂) =
Vg1,n1+1(x , LI1 )Vg2,n2+1(y , LI2 )

2m(g1,n1+1)+m(g2,n2+1)
.
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McShane + Integration formula

1 Set

D(X) =
∑

{γ1,γ2}∈F1

D(L1, `γ1 (X), `γ2 (X))

Rj (X) =
∑
γ∈F1,j

R(L1, Lj , `γ(X)).

McShane⇒ D(X) +
∑n

j=2Rj (X) = L1.

2 L1Vg,n(L) =
∫
D(X) +

∑n
j=2Rj (X) dX .

3 Define
Dg,n(L) =

∫
Mg,n(L)

D(X) dX

Rj
g,n(L) =

∫
Mg,n(L)

Rj (X) dX .

4 Integration formula + transitivity of Modg,n on F1,j ⇒

Rj
g,n(L) = 2−m(g,n−1)

∫ ∞
0

xR(L1, Lj , x) · V (M(Sg,n(γj ), `γj = x , L)) dx

= 2−m(g,n−1)
∫ ∞

0
xR(L1, Lj , x) · Vg,n−1(x , L2, · · · , L̂j , · · · , Ln) dx .
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How to compute ∂
∂L1

∑n
j=2 R

j
g,n(L).

∂

∂x
R(x , y , z) =

H(z, x + y) + H(z, x − y)

2

where H(x , y) = 1
1+exp x+y

2
+ 1

1+exp x−y
2

.

1 ∂
∂L1
Rj

g,n(L) =

2−m(g,n−1)
∫∞

0 x(H(x , L1 − Lj ) + H(x , L1 + Lj )) · Vg,n−1(x , L2, · · · , L̂j , · · · , Ln) dx .

2 So Bg,n = ∂
∂L1

∑n
j=2R

j
g,n(L) =

2−m(g,n−1)−1∑n
j=2
∫∞

0 x(H(x , L1 − Lj ) + H(x , L1 + Lj )) · Vg,n−1(x , L2, · · · , L̂j , · · · , Ln) dx .
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How to compute ∂
∂L1

Dg,n(L).

Modg,n does not act transitively on F1. So first we decompose F1 into a disjoint union of Modg,n
orbits.

Let γ1, γ2 be disjoint scc’s such that β1, γ1, γ2 bound a pair of pants P.

1 Let Acon be the set of all such {γ1, γ2} such that S \ P is connected.
2 Modg,n acts transitively on Acon.
3 For a = ((g1, I1), (g2, I2)) ∈ Ig,n, let Aa be the set of all {γ1, γ2} such that S \ P = S1 t S2

where Si has genus gi and ∂Si = γi ∪ tj∈Iiβj .

4 Modg,n acts transitively on Aa.
5 F1 = Acon ∪ ∪a∈Ig,n Aa.

6 Recall

Dg,n(L) =

∫
Mg,n(L)

D(X) dX =

∫ ∑
{γ1,γ2}∈F1

D(L1, `γ1 (X), `γ2 (X)) dX .
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How to compute ∂
∂L1

Dg,n(L).

1 Recall

Dg,n(L) =

∫
Mg,n(L)

D(X) dX =

∫ ∑
{γ1,γ2}∈F1

D(L1, `γ1 (X), `γ2 (X)) dX .

2 Integration formula⇒ ∫ ∑
{γ1,γ2}∈Acon

D(L1, `γ1 (X), `γ2 (X)) dX

=
1

2m(g−1,n+1)

∫
xyD(L1, x , y)Vg−1,n+1(x , y , L̂)dxdy .

3 Integration formula⇒∫ ∑
{γ1,γ2}∈Aa

D(L1, `γ1 (X), `γ2 (X)) dX

=
1

2m(g1,n1+1)+m(g2,n2+1)

∫
xyD(L1, x , y)Vg1,n1+1(x , L̂I1 )Vg2,n2+1(x , L̂I2 )dxdy .

Lewis Bowen (UT Austin) Mirzakhani October 21, 2020 20 / 22



How to compute ∂
∂L1

Dg,n(L).

∂

∂x
D(x , y , z) = H(y + z, x).

1 Integration formula⇒ ∫ ∑
{γ1,γ2}∈Acon

D(L1, `γ1 (X), `γ2 (X)) dX

=
1

2m(g−1,n+1)

∫
xyD(L1, x , y)Vg−1,n+1(x , y , L̂)dxdy .

2 Integration formula⇒∫ ∑
{γ1,γ2}∈Aa

D(L1, `γ1 (X), `γ2 (X)) dX

=
1

2m(g1,n1+1)+m(g2,n2+1)

∫
xyD(L1, x , y)Vg1,n1+1(x , L̂I1 )Vg2,n2+1(x , L̂I2 )dxdy .

3 Add these terms together, take the partial derivative to obtain

∂

∂L1
Dg,n(L) = Acon

g,n (L) +Adcon
g,n (L).
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